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1. Recap: Functional Dependency
2. Axioms
3. Intuition: Derivation Trees
4. Membership Test
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Recap: Functional Dependency

§ 𝑡 𝑋  is the projection of tuple 𝑡 to attributes 𝑋

§ “All tuples with the same values for 𝑋 also have the same values for 𝑌.” 
§ some (basic) examples: 

§ 𝑧𝑖𝑝 → 𝑐𝑖𝑡𝑦

§ 𝑚𝑜𝑛𝑡ℎ → 𝑚𝑒𝑡𝑒𝑜𝑟𝑜𝑙𝑜𝑔𝑖𝑐𝑎𝑙 𝑠𝑒𝑎𝑠𝑜𝑛

§ 𝑝𝑎𝑐𝑘𝑎𝑔𝑒, 𝑤𝑒𝑖𝑔ℎ𝑡, 𝑠𝑖𝑧𝑒 → 𝑠ℎ𝑖𝑝𝑝𝑖𝑛𝑔 𝑐𝑜𝑠𝑡

§ 𝑋 → 𝑅 ∖ 𝑋 if 𝑋 is a UCC (all primary keys)

Given a relational instance 𝑟 of schema 𝑅, the functional dependency 𝑋 → 𝑌 with 
attribute set 𝑋 ⊆ 𝑅 and attribute set  𝑌 ⊆ 𝑅 is valid in 𝑟 iff ∀ 𝑡!, 𝑡" ∈ 𝑟 ∶ 𝑡! 𝑋 = 𝑡! 𝑋 ⟹
𝑡! 𝑌 = 𝑡! 𝑋 .

[3, 4] 
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Armstrong‘s Axioms

1. Reflexivity: 𝑋 → 𝑋 
“Each attribute depends on itself.”

2. Transitivity: 𝑋 → 𝑌	 ∧ 𝑌 → 𝑍 ⇒ 𝑋 → 𝑍
3. Augmentation: 𝑋 → 𝑌 ⇒ 𝑋	 ∪ 𝐴 → 𝑌 ∖ 𝐵 (where 𝐴, 𝐵 can be ∅) 

“We can add LHS attributes and remove RHS attributes.”
4. Union: 𝑋 → 𝑌 ∧ 𝐴 → 𝐵 ⇒ 𝑋 ∪ 𝐴 → 𝑌 ∪ 𝐵

“We can merge valid FDs.”

[1] 
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Intuition: Derivation Trees

§ Build a tree with determinant as leaf, dependent as root
§ From now on, we omit brackets for sets: A, B → C  is written as A, B → C

§ Derived C, D, F → B from A → B
§ Tree represents all FDs from children to (parents of …) parents

[2] 
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Membership Test – Idea

§ Given set of FDs 𝒢, is FD 𝑓: A, B → X, Y valid? ⇔ 𝑓 ∈ 𝒢∗?
§ Building all derivation trees from A, B possible, but not efficient
§ Based on two intuitions (proof in [2])

§ All nodes in a tree are reachable from (transitive) children

§ Valid trees can be merged and augmented
§ → Construct all derivation trees at once

[2] 
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Membership Test – Algorithm

§ Given set of FDs 𝒢, is FD 𝑓: A, B → X, Y valid?

§ Complexity 𝑂( 𝒢 ⋅ 𝑚), where 𝑚 is the number of attributes

[2] 

reachable_dependants = 𝑓. LHS;
found_new_dependant = true;

while (found_new_dependant):
    found_new_dependant = false;
    foreach 𝑔 ∈ 𝒢:
        if (𝑔. LHS ⊆ reachable_dependants ∧ 𝑔. RHS ⊈ reachable_dependants):
            all_dependants ∪ 𝑔. RHS;
            found_new_dependant = true;

return 𝑓. RHS ⊆ reachable_dependants;

Reflexivity

Transitivity

Augmentation, Union

Test all LHS attributes for all FDs
multiple times!



26.10.2023 Adv. Data Profiling Seminar – FD Membership Test 8

Membership Test – Improved Algorithm

§ Given set of FDs 𝒢, is FD 𝑓: A, B → X, Y valid?

[2] 

reachable_dependants = 𝑓. LHS;
found_new_dependant = true;
fds_per_attribute = Map<attribute → FD[]>;
remaining_attributes = Queue<attribute>(𝑓. LHS);

foreach 𝑔 ∈ 𝒢:
𝑔. required_attributes = 𝑔. LHS.size();

    foreach 𝑎 ∈ 𝑔. LHS:
        fds_per_attribute[𝑎].append(𝑔);
  
while (!remaining_attributes.empty()):
    a = remaining_attributes.pop();
    foreach 𝑔 ∈ fds_per_attribute[a]:
        𝑔. required_attributes--;
        if (𝑔. required_attributes == 0):
            foreach 𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 ∈ 𝑔. RHS:
                if (𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 ∉ reachable_dependants)
                    all_dependants ∪ 𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 ;
                    remaining_attributes.push(𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡);

return 𝑓. RHS ⊆ reachable_dependants;

Test each reachable LHS attribute once!
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